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Let either X = R x T or X = Sq, x T, where R is the additive group of real 
nuniber, T is the cycle group and is an a-adic solenoid . Let a^, where 
i,j = 1, 2, 3, be topological automorphisms of the group X. We prove the following 
analogue of the well-known Skitovich-Darmois theorem for the group X. Let ^j, 
where j = 1,2,3, be independent random variables with values in the group X 
and distributions fij such that their characteristic functions do not vanish. If 
O ! linear statistics Li = au^i + 012^2 + aisCa, -^2 = a2iCi + "226 + ^23^3, and 

. L3 = q:31'^i +Q!32C2 +ck33'?3 are independent, then all /ij are Gaussian distributions. 
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1. Introduction 

. V.P. Skitovich and G. Darmois proved the following characterization theorem for a Gaussian dis- 

I tribution on the real line. 

(-^ ■ Theorem A ([T], [2], see also [3l Ch. 3]). Let ^j, where j = 1, 2, . . . , re, and n > 2, be independent 

. random variables. Let OLj,f3j be nonzero constants. If the linear statistics Li = ai^i + • • • + otnin CLnd 

L2 = /3i^i + • • • + /3nCn o^fs independent, then all random variables S,j are Gaussian. 

A number of works have been devoted to group analogues of the Skitovich-Darmois theorem (see 
e.g. [4]-|15|. and also [16j, where one can find additional references). In particular, the following 
^ i theorem was proved in [llj. 

' Theorem B. Let X be a second countable locally compact Abelian group. Assume that the group X 

• contains no subgroup topologically isomorphic to the circle group. Let ^j, where j = 1, 2, . . . , re, and re > 

^SJ , 2, be independent random variables with values in X and with nonvanishing characteristic functions. 

I Let aj, be topological automorphisms of the group X. If the linear statistics Li = ai^i + • • • + On^n 

and L2 = /3i^i + • • • + /3nCn ^'"e independent, then all random variables are Gaussian. 

Denote byT = {z€C: |2;| = 1} the circle group (the one-dimensional torus). As have been noted 
in |17| . Theorem B fails for the group T even for two linear statistics Li = ^1 + ^2 and L2 = £,1— £.2- It 
follows from this that if a group X contains a subgroup topologically isomorphic to T, then the class 
^ . of distributions which are characterized by the independence of linear statistics Li = ai£i + a2'?2 and 

, L2 = /3i£i + generally speaking contains not only Gaussian distributions. To put it in another 

way, if a group X contains a subgroup topologically isomorphic to T, the Skitovich-Darmois theorem 
fails if we consider two linear statistics of two independent random variables. 

The aim of the article is the proof of the following somewhat unexpected result. We prove that 
for some locally compact Abelian groups containing a subgroup topologically isomorphic to T, the 
Skitovich-Darmois theorem holds again if we consider three linear statistics of three independent 
random variables. 

Consider the following general problem. 

Problem 1. Let X be a second countable locally compact Abelian group, £j, where j = 1,2, ... ,n, 
and n > 2, be independent random variables with values in X and distributions such that their 
characteristic functions do not vanish. Let aij, where i,j = 1,2,... ,re, be topological automorphisms 
of X. Assume that the linear statistics Li = an^i + • • • + Oin^n, where i = 1,2, ... ,n, are independent. 
Describe distributions fij. 
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It follows from Theorem B that under conditions of Problem 1 if a group X contains no subgroup 
topologically isomorphic to T, then /Xj are Gaussian. Therefore we should study only the case when 
X contains a subgroup topologically isomorphic to T. 

As has been proved in the solution of Problem 1 can be reduced to its solution for a connected 
locally compact Abelian group, one of its characteristic is its dimension. 

If the dimension of X is equal to 1 and X contains a subgroup topologically isomorphic to T, then 
X = T. As has bee proved in [TS], under the conditions of Problem 1 the distributions fij are either 
Gaussian or convolutions of Gaussian distributions and signed measures supported in the subgroup 
generated by the element of order 2. 

Suppose now that the dimension of X is equal to 2 and the group X contains a subgroup topolog- 
ically isomorphic to T. Then the group X is topologically isomorphic to one of the groups: R x T, 
where R is the group of real numbers, x T, where is an a-adic solenoid, and T^. For n = 2 
Problem 1 for the groups R x T and Sq x T was solved in [l5j . As in the case when X = T, the 
distributions fij are also either Gaussian or convolutions of Gaussian distributions and signed measures 
supported in the subgroup generated by the element of order 2 in the subgroup T. In the case when 
n = 2 and X = T"^ Problem 1 was not solved completely, but it is known the complete description of 
topological automorphisms aj,f3j of the group T-^ such that the independence of the linear statistics 
Li = ai^i + a2^2 and L2 = /3i^i + /32^2 implies that fij are Gaussian distributions [12j. 

To the best of our knowledge Problem 1 for n > 2 has not been studied yet. Moreover, in all articles 
devoted to the Skitovich-Darmois theorem on groups two linear statistics of n > 2 independent random 
variables were considered. But in studying characterization problems on groups, in contrast to the 
classical case, generally speaking, the consideration of two linear statistics of n > 2 independent random 
variables does not make it possible to characterize the Gaussian distributions and their analogues (see 
e.g. |16| §14]). As follows from Theorems 1 and 2 proved in the article, the situation is changed if we 
consider n linear statistics of n independent random variables. 

In this article we solve Problem 1 completely in the case when n = 3 for the group R x T, and 
then, based on this result, for the group Xjq, X T too. The answer is somewhat unexpected: the 
distributions fij must be Gaussian. To put it in another way, if we consider three linear statistics of 
three independent random variables the Skitovich-Darmois theorem holds again for these groups. We 
underline that as has been noted above if we consider two linear statistics of two independent random 
variables, then for each of the listed groups the distributions fij are either Gaussian or convolutions of 
Gaussian distributions and signed measures, i.e. the Skitovich-Darmois theorem fails. Moreover, we 
see that for these groups the class of distributions which are characterized by the independence of n 
linear statistics of n independent random variables depends on n. 

2. Notation and definitions. The main theorem 

Let X be a second countable locally compact Abelian group, Y be its character group. Let {x, y) 
be the value of the character y G y at the point x (z X. Denote by Aut(X) the group of topological 
automorphisms of X. If 77 is a closed subgroup of Y, denote by A{X,H) = {x € X : = 1 

for all y G H} its annihilator. If Xi and X2 are locally compact Abelian groups, then for any 
continuous homomorphism a : Xi 1-^ X2 define the adjoint homomorphism a : Y2 >-^Yihy the formula 
(xi, 02/2) = {oiXi,y2) for all xi € Xi, y2 € Y2. Denote by Z(2) the subgroup of T consisting of elements 
±1, and denote by Z the group of integers. Denote by / the identity automorphism of a group. Put 
= |2y : y £ Y}. Let f{y) be a function on the group Y, and h be an arbitrary element of Y. 
Denote by the finite difference operator 

Ahf{y) = f{y + h)-f{y), yeY. 
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A function f(y) on Y is called a polynomial if 

ArV(y) = 

for some n and for all y,h G Y. The minimal n for which this equality holds is called the degree of the 
polynomial f{y). If A and B are subsets of X, we put A + B = {x€X: x = a + b, a € A, y € B}. 

Denote by M^{X) the convolution semigroup of probability distributions on X. For /x G M^{X) 
we denote by 

Hy) = / {x,y)dn{x), y eY, 
Jx 

its characteristic function, and define the distribution p, S M^{X) by the formula /x(-B) = fJ,{—B) for 
all Borel sets B in X. Note that fl{y) = fi{y). Denote by cr(//) the support of G M^{X). If is 
a closed subgroup of Y and = 1 for y G if, then cr(/i) C A(X,H). We say that a distribution 
/i G M^(X) is concentrated on a Borel set ^4 C X, if fJ,{B) = for any Borel set B in X such that 
B n A = Denote by the degenerate distribution concentrated at a point x £ X. 

A distribution 7 G M^(X) is called Gaussian |19| . see also |20t Ch. IV], if its characteristic function 
is represented in the form 

7(y) = {x, y) exp{-v9(y)}, y G 
where x G X, and '^{y) is a continuous nonnegative function on Y satisfying the equation 

Lp{u + v) + Lp{u — v) = 2[lp{u) + Lp{v)], u,v£Y. (1) 

Denote by T{X) the set of Gaussian distributions on X. It should be noted that according to this 
definition degenerate distributions are Gaussian. 

Let X = T. Then y = Z. In order not to complicate notation we will assume that Y = Z. Let 
X = R X T. Denote by x = {t, z), where i G R, and z G T, elements of the group X. If X = R x T, 
then y = R X Z. In order to avoid introducing new notation we assume that y = R x Z, and denote 
by y = (s,n), where s G R, and n G Z, elements of Y. It is easy to verify that every automorphism 

e G Aut(R X Z) is defined by a matrix ^ ''^ , where a, c G R, a 7^ 0, p = ±1, and e operates on 

y = R X Z as follows 

e{s, n) = {as + cn,pn), s G R, n G Z. 
Then the adjoint automorphism 5 = e G Aut(X) is of the form 

6{t, z) = {at, e*^*zP), t G R, z G T. 

We identify 6 and e with the corresponding matrix 

The main result of the article is the following theorem. 

Theorem 1. Let X = R x T, and Uij G Aut(X), where i,j = 1,2,3. Let ^j, where j = 1,2,3, 
be independent random variables with values in X and distributions fij such that their characteristic 
functions do not vanish. Assume that the linear statistics Li = an^i + 012^2 + oisCs; -^2 = 021^,1 + 
0^22^2 + ct23^3; o,nd L3 = asi^i + 0:32^2 + «33'^3 independent. Then all fij are either degenerate 
distributions or Gaussian distributions such that their supports are cosets of the group X with respect 
of a subgroup topologically isomorphic to R. 

The proof of Theorem 1 is long enough and it is based on the series of lemmas. So, we will explain 
in some words the idea of the proof. First we prove that under the conditions of Theorem 1 on an 
arbitrary locally compact Abelian group X the convolution 
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is a Gaussian distribution. If a group X contains no subgroup topologically isomorphic to T, then on the 
group X the Cramer theorem about decomposition of a Gaussian distribution holds |21] . and it imphes 
that the distributions are Gaussian. But on the group X = R x T a Gaussian distribution may have 
non-Gaussian factors. Thus, generally speaking, if G M^(R x T), and is a Gaussian distribution, 
it does not imply that factors of are also Gaussian. We prove that under the conditions of Theorem 
1 the Gaussian distribution v is not arbitrary, but i' is concentrated on a subgroup topologically 
isomorphic to R. It follows from this by the classical Cramer theorem about decomposition of a 
Gaussian distribution that the distributions jij are also Gaussian. 

3. Proof of lemmas 

To prove Theorem 1 we need some lemmas. 

Lemma 1. Let X be a second countable locally compact Abelian group, and ai, I3i E Aut{X), where 
i = 1,2. Let ^j, where j = 1,2,3, be independent random variables with values in X and distributions 
fij. The linear statistics Li = + ^2 + ^3, -^2 = «i6 + 0.2(2 + £.3, arid L3 = /3i^i + /32^2 + ^3 are 
independent if and only if the characteristic functions fij{y) satisfy the equation 

Jii{u + aiv + Piw)fi2{u + a.2V + I32w)'jl^{u + v + w) 

= '^i{u)lL2{u)fl-i{u)fii{aiv)fi2{a2v)Ti3{v)T^^^ u,v,w G y. (2) 

Proof. Note that if ^ is a random variable with values in the group X and distribution /i, then 
/i(y) = E[(^,y)]. Obviously, the linear statistics Li, L2 and L3 are independent if and only if the 
equality 

E[(ei + 6 + (3,u){ai(i + 026 + (3,v){Mi + M2 + e3,w)] 
= E[(ei + 6 + es, u)] E[(ai6 + «26 + C3,v)] E[(/3i6 + + C3,w)] (3) 

holds for all u,v,w G Y. Taking into account that the random variables (j are independent, we 
transform the left-hand side of equality Q) as follows 

E[(ei + 6 + 6, ^^)(ai6 + "26 + (3,v){Mi + M2 + (3,w)\ 

= E[(^i,ti + aiv + /3iw)(C2,'w + S2W + hw){i^,u + v + w)] 
= ¥^[{ii,u + aiv + Piw)] ^[{i2,u + a2V + ]32w)] E[(^3, n + w w)] 
= fLl{u + aiV + I3iw)fi2{u + Q.2V + (32w)Ji3{u + v + w). 
We transform similarly the right-hand side of equality Q 

E[(ei + 6 + C3,u)] E[(aiei + 026 + C3,v)]E[{^iCi + M2 + ^3,w)] 

= E[(6,n)(6,n)fe,n)] E[(6,5i7;)(e2,52t;)fe,t')]E[(eiJiu;)(e2j2w;)te,^^)] 
= B[{^,,u)] E[(6,n)] E[(6,n)] E[(6,5it>) B[{^2,a2v) 
X E[fe, v)]B[{Ci,Aw)]E[{C2,^2w)m^^,w)] 
= Tii{u)'fi2{u)fi3{u)fli{aiv)'fi2{a2v)p.3{v)p^^^ 

□ 

Lemma 2. Let ^j, where j = 1,2,3, be independent random variables with values in the group R 
and distributions fij. Let ai,bi, where i = 1,2, be nonzero constants. Assume that the linear statistics 
Li = ^1 -|- ^2 + ^3; L2 = ai^i -|- a2^2 + (,3, and L3 = 61^1 -|- 62C2 + £,3 are independent. Then all nj are 
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either degenerate distributions or nondegenerate Gaussian distributions, and the following statements 
hold: 

1) aib2 - aia2&2 - 016162 - ^2^1 + 010261 + 026162 = 0; 

2) possible combinations of signs of ai,bi are described in the table: 



01 


02 




62 


+ 






+ 


+ 










+ 
+ 


+ 








+ 


+ 



3) oi 7^ 02, 61 / 62; 

4) 0261 - 0162 / 0; 
oi — 1 02 — 1 
61-1 62-1 

Proof. By Lemma 1 the characteristic functions juj(y) satisfy equation Q, which takes the form 



5) 



'j2i{u + aiv + biw)Ji2{u + 02f + b2w)Ji-i{u + v + w) 
'fii{u)fi2{u)^:i{u)'jli{aiv)'jl2{a2v)^z{v)V-i{^^ u,v,w e R. 



(4) 



By the Skitovich-Darmois theorem the independence of the hnear statistics Li and L2 imphes that aU 
Hj are Gaussian distributions, i.e. the characteristic functions jUj(s) are represented in the form 

V-ji^) = exp{— fjjs^ + iTjs}, s G R, (5) 

where aj > 0, and Tj € R. Substituting ([5]) in Q we get that the following equalities hold: 

(7iOi + (T2O2 + 0-3 = 0, (6) 

fTi6i + (T262 + 0-3 = 0, (7) 

0-10161 + 0-2O262 + 0-3 = 0. (8) 

It follows easily from ©-([S]) that either all fij are degenerate distributions or all fij are nondegenerate 
distributions. 

Assume that fij are nondegenerate distributions. Then in (HJ-dH]) all aj > 0. Prove statements 
l)-5). 

1) Since in ©-(HI) all aj 7^ 0, we have 

Oi 02 1 
61 62 1 
0161 0262 1 

i.e. 1) holds. 

2) Since all aj > 0, statement 2) follows directly from (I6|)-(l8|). 

3) Suppose that Oi = 02. Then it follows from 2) that Oj < 0, and ([7|) and ([8]) imply that 
(1 — 01)0-3 = 0. Since oi < 0, it follows from this that 0-3 = 0. Then we get from ([6]) that 0-1=0-2 = 0. 
The obtained contradiction proves 3) in the case when oi =02- In the case when 61 = 62 we reason 
similarly. 



5 



4) Assume that 0261 — 0162 = 0. Then 



62 = 0261/01. (9) 
Taking into account ([9]), we rewrite ([7]) in the form 



bi 

— [aiai + 0-202) + (73 = 0. 
01 



It follows from this and from ^ that 



l--)a3 = 0. (10) 

Ol 



Taking into account 2), ([9]) implies that either oi > 0, 02 < 0, 61 < 0, and 62 > or oi < 0, 02 > 0, 
bi > 0, and 62 < 0. Since in the both cases 0161 < 0, it follows from (|10p that (73 = 0. Then taking 
into account that aibi < 0, we get from ([8]) that fii = <T2 = 0. The obtained contradiction proves 4). 
Ol — 1 02 — 1 



5) Assume that 



0, i.e. 



61-1 62-1 

(oi-l)(52-l) = (o2-l)(6i-l). (11) 
Taking into account pT]) . we rewrite the left hand-side of equality 1) in the following way: 
0162 - 01O262 - 016162 + 01O26162 - 0261 + 01O261 + 026162 - 01O26162 

= 0162(1 - O2 - 61 + O261) - 0261(1 - Ol - 62 + O162) 

= 0162(02 - l)(6i - 1) - 0261(01 - 1)(62 - 1) = (02 - l)(6i - l)(ai62 - 0261) = 0. 

Since, according to 4), 0261 — 0162 7^ 0, we have either 02 = 1 or 61 = 1. It follows from 2) that in 
these cases oi < 0, and 62 < 0, hence this contradicts to (llip . □ 

Lemma 3 ( |22l §2]). Let X be a topological Abelian group, and G be a Borel subgroup of X, 
pL € M'^iG), and fj. = fii * fi2. Then the distributions fij may be replaced by their shifts such that 
= fi'i* ^'2, and G M^{G). 

Lemma 4 (|18|). Let X = T, and S,i and ^2 be independent random variables with values in the 
group X = T and distributions fij such that their characteristic functions do not vanish. Assume that 
the sum + ^2 md the difference ^1 + ^2 CLfs independent. Then fij = E^^ * 7 * VTj, where Xj € T, 
7 G r(T), TTj are signed measures on Z(2) such that vri * 7r2 = Ei. To put it in another way, the 
characteristic functions fij (n) are represented in the form 

fii{n) = exp{-fTn^ + i6in + k{1 - (-1)")}, n e Z, 

fi2in) = exp{-an^ + i92n- k{1 - {-!)'')}, n £ Z, (12) 

where a > 0, k e H, < Oj < 2tt, j = 1, 2. 

Lemma 5. Let X = T, and ^j, where j = 1,2,3, be independent random variables with values 
in X and distributions /Uj such that their characteristic functions do not vanish. Let aij G Aut(X), 
where i,j = 1, 2, 3. // the linear statistics Li = an^i + 0:12^2 + «i3?3j -^2 = CK21C1 + 022^2 + ct23?3, CLn-d 
T3 = 031^1 + 0^32^2 + CK33?3 o,re independent, then all fij are degenerate distributions. 

Proof. It is obvious that Aut(X) = {/, — /}. We note that, if for some two linear statistics, say 
for Li and L2, we have Li = =bL2, then all are degenerate distributions. So, we can assume that 
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Li 7^ ^Lj, where i,j = 1,2,3, and i ^ j. This easily imphes that we can suppose without loss of 
generality that -Li = 6 + + Cs, ^2 = 6 - 6 + 6> and L3 = -^1 +6 + 6- 

Put rji = + V2 = £.2- Then iji and 772 are independent random variables. The independence 
of Li and L2 implies that the sum r/i + r]2 and the difference rji — r]2 are also independent. Applying 
Lemma 4 to the random variables tji and r]2 we obtain that there exists (T2 > such that 

|/Ii(2n)||/l3(2n)| = \M'^n)\ = e'^'^^"', n G Z. (13) 

Reasoning as above we get that the independence of the linear statistics Li and L3, and the linear 
statistics —L2 and L3 imply that there exist o"i > and (T3 > such that 

|/l2(2n)|I/l3(2n)[ = |/Ii(2n)| = e-^-^i"', n € Z, (14) 

|/2i(2n)||/l2(2n)| = \M'^ri)\ = e'^'^n^^ ^ ^ 2. (15) 
It follows from ([l3])-([l5]) that 

0"1 + (T3 = (72, Cr2+Cr3 = C7i, (Ti+(T2 = (73, 

hence 

(7l = (72 = (T3 = 0. (16) 

Since 'jlj{n) are the characteristic functions of some distributions, (fT6|) implies that in Q k = 0. Hence, 
/ij are degenerate distributions. □ 

Let X be a locally compact Abelian group, ai,/3j G Aut(X), where z = 1,2. We introduce the 
notation 

L = (5i - I)Y + (^1 - /)y, M = (52 - 1)1^ + (^2 - I)Y, TV = (52 - 5i)y + (^2 - Pi)Y, 

and retain them in the course of the article. 

Lemma 6. Let X he a second countable locally compact Abelian group, and ai^jii G Aut(X), 
where i = 1,2. Let ^j, where j = 1,2,3, be independent random variables with values in X and 
distributions fij such that their characteristic functions do not vanish. Assume that the linear statistics 
Li = ii + ^2 + i^, L2 = aiii + 026 + Cs; CLnd L3 = /3i^i + (^2^2 + ■^3 o-^e independent. Put Vj = fij * flj . 
Then v = vi * 1^2 * t^s ^ ^(X), and the functions ipj{y) = — log z?j(y) satisfy the equations: 

AhAk AiMy) = 0, h,yeY,keN,leL, (17) 

AhAkAii^2{y) = 0, h,yeY,keN,leM, (18) 

AhAkAii^siy) = 0, h,yeY,keL,leM. (19) 

Proof. By Lemma 1 the characteristic functions /Ij(y) satisfy equation Q. Note that i'j(y) = 
> 0, y G y, and the characteristic functions I'j^y) also satisfy equation Q. It follows from 
equation Q that ^ ^ 

^l^l{u + aiv + l3iw) + '4}2{u + 52f + hw) + il)'i{u + v + w) 

= A{u) + B{v) + C{w), u,v,w ^Y, (20) 

where A{y) = V'i(y) + ^'2(2/) + ^"3(2/), B{y) = V'i(aiy) + V'2(52y) + ^3(2/), C{y) = V'i(/3iy) + ^2(^2^) + 
V'3(y)- 
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We use the finite difference metliod to solve equation Q. Let ki and rrii be arbitrary elements of 
the group Y. Set hi = —ki — mi, then hi + ki + mi = 0. Substitute u + hi for u, v + ki for v, and 
w + mi for w in equation Q . Subtracting equation Q from the resulting equation we obtain 

A^ii + aiv + Piw) + Aij^2'^2{u + a2V + (32w) 

= Ah^A{u) + Ak,B{v) + Am,C{w), u,v,w eY, (21) 

where In = (ai — I)ki + — I)mi, and I12 = (02 — I)ki + (/32 — I)mi. Let /c2 and m2 be arbitrary 
elements of the group Y. Set /i2 = —a2k2 — P2fn2- Then /i2 + 52^:2 + /32?7i2 = 0. Substitute n + /i2 for 
li, u + A;2 for and w + m2 for w in equation Q. Subtracting equation Q from the resulting equation 
we find 

Ai.^-^Ai^^iji{u + aiv + ^iw) = Ah^Ah^A{u) + Ak.,Ak^B{v) + Am^Am^C{w), u,v,w e Y, (22) 

where Z21 = {0^2 — 5i)A;2 + (/32 — /3i)'m2- Let k^ and 771,3 be arbitrary elements of the group Y. Set 
/13 = — aiA;3 — /3i 771-3. Then /13 + 5iA;3 + l^im^ = 0. Substitute u + h^ for 7i, f + ^3 for v, and w + 7713 
for w in equation (j22p . Subtracting equation (|22p from the resulting equation we get 

A;,3A,,,A^,A(7z) + Afc3Afc2Afe,5(7;) + A™3A„,A„,C(77;) = 0, u,v,weY. (23) 

Let /14 be an arbitrary element of the group Y. Substitute u + h^ for u in equation ([23|) . Subtracting 
equation (I23p from the resulting equation we obtain 

Ah,Ah,Ah^Ah,A{u) = 0, hj,ue Y. (24) 

Putting in (I24p /ii = /12 = /13 = /14 = /i, we receive 

A^A(77) =0, /i, 7i G y. (25) 

Thus, ^(2/) is a polynomial of degree < 3. Then there exist symmetric fc-additive functions 
9k{yi,y2, ■ ■ ■,yk), where k = 1,2,3, such that 

My) = aUy) + 92iy) + aliy) + 90, y^Y, 

where g'^{y) = gk{y, ■ ■ ■ ,y), and go = const |23]. It is obvious that gl{—y) = (— 1)'^5^(?/). Since 
A{—y) = A{y) and ^(0) = 0, we have A{y) = 52 (2/) • It is not difficult to verify that the function (72(2/) 
satisfies equation ([T]). Hence, v G r(X). 

Since A{y) = 52(2/) — 92iy,y), it is easily seen that the function A{y) satisfies the equation 

Ah,Ah,Ah,A{u) = 0, hj,ueY. (26) 

Reasoning as above we get that the functions B{v) and C{w) also satisfy equation (j26p . 

Let h be an arbitrary element of the group Y. Substitute u + h for u in equation (f22|) . Subtracting 
equation (122p from the resulting equation and taking into account (I26p we find 

A/,A,2,A,,,Vi(7x + 5i7; + /3i7i;) = 0. (27) 

Putting here = 77; = and considering expressions for In and /21, we obtain that the function ipi{y) 
satisfies equation (|17p . Reasoning as above we make sure that the functions ip2{y) and ^3(7/) satisfy 
equations (fTSl) and (I19p respectively. □ 
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Lemma 7. Let X = H x T, and ai = ''*J, Z^* ~ *J ' where i = 1,2, are topological 

automorphisms of the group X. Let ^j, where j = 1,2,3, be independent random variables with values 
in X and distributions Hj. Assume that the linear statistics Li = + ^2 + '^3; L2 = aiCi + 02^2 + ?3j 
and L3 = Pi^i + (^2^2 + ?3 OjTC independent. Then either all jjij are degenerate distributions or all 
are nondegenerate distributions, and there are the following possibilities for the subgroups L, M , and 
N: 



1. 


L 


= R, M = 


R, A^ = R 




2. 


L 


= R, M = 


y(2)^ N = 


y(2). 


3. 


L 




= Yi, N = 


y(2)| 


4. 


L 


= y(2)^ M 


= y(2)^ AT 


= R; 


5. 


L 


= y(2), M 


= y(2)^ AT 


= y(2) 



Proof. By Lemma 1 the characteristic fmictions satisfy equation Q. Putting in Q u = 

(si,0), V = (s2,0), w = (53, 0), we obtain 

/ii(si + aiS2 + bis-i, 0)/i2(si + a2S2 + 62^3, 0)/i3(si + S2 + S3, 0) = /Ii(si, 0)/22(si, 0)/l3(si, 0) 

X/ii(aiS2,0)/l2(a2S2,0)/l3(s2,0)/ii(6iS3,0)/l2(fc2S3,0)/23(s3,0), Si,S2,S3 € R. (28) 

Set Uj = /Xj * fLj. Then Vj{y) = |/^j(y)P > 0, y G y. Obviously, the functions also satisfy 

equation Q. Hence, they satisfy equation Q. It follows from Q and Lemma 2 for the group R that 
if at least one of the functions z/j(s,0) is the characteristic function of a nondegenerate distribution, 
then all z?j(s,0) are the characteristic function of nondegenerate Gaussian distributions. To put it in 
another way, either z?j(s, 0) = 1, s G R or 0) = e~'^^^ , s S R, where aj > 0, and j = 1, 2, 3. 

Assume that i^j{s, 0) = 1, s € R, where j = 1, 2, 3. This implies the inclusions 0"(i/j) C A{X, R) = 
T, where j = 1, 2, 3. Hence, by Lemma 3 the distributions may be replaced by their shifts /i^- such 
that cr^fi'j) C T, where j = 1,2,3. Since the subgroup T is invariant with respect to any topological 
automorphism of the group X, by Lemma 5 all are degenerate distributions. 

Suppose now that z?j(s,0) = e~'^^^ , where s G R, aj > 0, and j = 1,2,3. Then statement 2) of 
Lemma 2 implies that the following conditions hold: 

(i) either oi / 1 or 61 7^ 1; 

(ii) either 02 7^ 1 or 62 7^ 1- 

Note that it follows from (i) that there are only two possibilities for L: either L = R or L = Y^'^\ 
Reasoning as above we get from (ii) that there are only two possibilities for M: either M = R or 
M = Y^'^^ . Obviously, each of these possibilities can be realized. 

Let L = R H M = R. Then Pi = Qi = 1, where i = 1,2. Hence, P2 — Pi = 0, and q2 — qi = 0. 
Taking into account statement 3) of Lemma 2, this implies that for there exists the only possibility 
A^ = R. 

Let L = R and M = Y^'^\ Then pi = qi = 1 and either p2 = —1 or q2 = —1. Hence, either 
P2 — Pi = —2 or q2 — qi = —2. Taking into account statement 3) of Lemma 2, this implies that for A^ 
there exists the only possibility A^ = Y^'^\ 

Let L = Y^"^^ and M = R. Then either pi = —1 or qi = —1, and P2 = q2 = 1- Hence, either 
P2~Pi = 2 or 52 — (Zi = 2. Taking into account statement 3) of Lemma 2, this implies that for A^ there 
exists also the only possibility A^ = Y^'^\ 

Let L = y(^) and M = Y^'^\ Then either pi = —1 or qi = —1, and either p2 = —1 or q2 = —1. If 
Pi = P2 and qi = q2, then by statement 3) of Lemma 2, A^ = R. If either pi 7^ p2 or qi ^ q2, then by 
statement 3) of Lemma 2, N = Y^'^\ □ 
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Lemma 8. Let y = R x Z, and a continuous function f{y), y = (s, n) € Y, satisfies the equation 

AlAhf{y) = 0, /ceR, h,yGY. (29) 

Assume also that f{—y) = f{y), y GY . Then 

f{s,n)=as'^ + K{n)s + X{n), s G R, n G Z, (30) 

where K{—n) = —K,{n) and \{—n) = \{n), n G Z. 

Proof. Put fn{s) = f{s,n), where s G R, n G Z. Putting in (f29]l y = {s,n), k = h = (t,0), we 
get that the function fn{s) for any fixed n satisfies the equation 

A3/„(s) = 0, t,sGK. (31) 

It follows from (j3ip that the function fn{s) is of the form 

f^(s) = a{n)s^ + K{n)s + X{n), s G R. (32) 

Substitute representation (f32l) for the function fn{s) into (f29l) . supposing that h = (O, m), k = (t, 0). 
We get 

AlAhfnis) = AhAlfn{s) = Aha{n)Als^ = 2t^Ama{n) = 0, f G R, m G Z. 

This implies that Am(y{n) = 0, i.e. cr{n) = a = const. 

Since f{—y) = f{y), y G y, it is obvious that K{—n) = —K{n) and A(— n) = A(n), n G Z. It should 
be noted that any function f{s,n) of the form ()30p satisfies equation ([29|) . □ 

4. Proof of Theorem 1 

Let X be an arbitrary second countable locally compact Abelian group. First we note that if fi is the 
distribution of a random variable with values in the group X and a G Aut{X), then the characteristic 
function of a random variable is 'jl{ay). This implies that G r(X) if and only if a{p,) G r(X). 
Thus, putting Q = aijCj, where j = 1, 2, 3, we reduce the proof of Theorem 1 to the case when the Li, 
L2, and L3 have the form Li = ^1 + ^2 + 6, -^-2 = (5216 + '^226 + ^2.^2.-, and L3 = ^si^ + (5326 + (^saCs, 
where Jjj G Aut(X). We also note that if a,/3 G Aut(X), then the linear statistics Li, L2, and L3 are 
independent if and only if the linear statistics Li, aL2, and /3L3 are independent. Thus, in proving 
Theorem 1 we may assume that Li = £,i+£.2+(3, -^2 = «iCi + "2C2+C3, and L3 = /3i6+/326+C3> where 

ai = ^ , /3i = , and i = 1,2, are topological automorphisms of the group X = R x T. 

Put z^j = /Uj * p,j. Taking into consideration Lemma 7, we can prove the theorem assuming that all 
fij are nondegenerate distributions. Moreover, it follows from the proof of Lemma 7, we have in this 
case z?j(s,0) = e~'^J* , s G R, where aj > 0, and j = 1,2,3. We note that then aj satisfy equations 
©-([H]) and statements l)-5) of Lemma 2 hold. 

By Lemma 1 the characteristic functions fljiy) satisfy equation Q. Obviously, the characteristic 
functions i?j(y) also satisfy equation Q. Put il^jiy) = — logz?j(y). Then Q implies that the functions 
tpj{y) satisfy equation Q. 

By Lemma 6 the function ipi{s,n) satisfies equation (flTl) . Apply now Lemma 7, and note that the 
inclusion 

R C iV n L (33) 

is always valid. Then it follows from (|17p and (j33p that the function 1^1(3, n) satisfies equation (j29p . 
Reasoning as above we get that the functions ^^2(5) n) and ipsi^^ f^) also satisfy equation (I29p . Applying 
Lemma 8 to the functions ipj[s,n) we obtain the representations 

'4}j{s,n) = UjS^ + Kj{n)s + Xj{n), s G R, n G Z, (34) 
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where Kj{—n) = —Kj{n), Aj(— n) = Xj{n), n £ Z, and Kj{0) = 0, Aj(0) =0, j = 1,2,3. 
By Lemma 6, = z^i * z^2 * ^^3 G r(X). Obviously, then we have 

n) = exp{ — ((Ts^ + Ksn + An^)}, s £ R, n € Z, (35) 

where (T>0, kSR, A>0 and 

^/^i(s, n) + '(/'2(s5 n) + ip3{s, n) = as^ + nsn + An^, s € R, n € Z. (36) 

We check that Kj{n) in (|34|) are linear functions. Put m Q) u = (0,n), v = (s2,0), w = (s3,0). 
Note that aiv = {aiS2,0), a2V = (02^2,0), Piw = (61 53,0), and P2W = (6283,0). Taking into account 
representations (j34p . we find from Q that 

(Ti(aiS2 + f'iS3)^ + i^i{n){aiS2 + hss) + Ai(n) + 0-2(0252 + ^253)^ 
+K2(n)(a2S2 + hs-i) + A2(n) + 0-3(52 + 53)^ + «;3("-)(s2 + S3) + A3(n) 
= Ai(n) + A2(n) + A3(n) + ai{aiS2)'^ + 0-2(0282)^ + ossl 

+0-1(6153)^ + 0-2(6253)^ + 0-35!, 52,53 GR, nGZ. (37) 
Setting in Q 52 = 1, 53 = 0, we get 

aiKi(n) + a2K2(n) + K3(n) = 0, nGZ. (38) 

Setting in Q 52 = 0, 53 = 1, we find 

6iKi(n) + 62^2(72) + K3(n) = 0, nGZ. (39) 

On the other hand it follows from (I34p and (I36p that 

Ki(n) + K2{n) + K3(n) = ktl, nGZ. (40) 

Subtracting from (I38p and (I39p equality (I40p . we obtain 

(ai — l)Ki(n) + (a2 — l)K2(n) = —ku, nGZ. (41) 

(61 - l)Ki(n) + (62 - l)K2(n) = -Atn, nGZ. (42) 

Taking into account that by statement 5) of Lemma 2 the inequality 



/ holds, it 



Ol — 1 02 — 1 
61-1 62-1 

follows from (|^0j) - (j42p that Kj{n) are linear functions, i.e. Kj[n) = Kjn, nGZ, where kj G R. Thus 
representations (j34p take the form 



V'j(5, n) = o-j5^ + Kj5n + Aj(n), 5 G R, nGZ, j = 1,2,3. (43) 

Note that it follows from ^ and (gS]) that 

Ai(n) + A2(n) + A3(n) = An^, nGZ. (44) 

Let u =j5i,ni), V = (52, n2), w =^(53, n3). Then aiv = (ai52 + Cin2,pin2), a2V = {a2S2 + 
C2n2,P2"'2), /3iw = (6153 + din3, g'in3), f32'w = (6253 + d2"'3, Q'2"-3)- Substituting representations (03]) 
into 0, we get that equalities (IH])-(I5]) hold. Moreover, the following equalities also hold: 

Kiai + ^202 + K3 = (45) 
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Kibi + K262 + = (46) 

2(TlCl + 2(J2C2 + Kipi + K2P2 + K3 = (47) 

2aidi + 2(T2(i2 + ^i^i + 1^292 + = (48) 

2aiaidi + 20-202^2 + KiCig'i + K2a2q2 + ^3 = (49) 

2(7i6iCi + 2(T262C2 + + K262P2 + K3 = (50) 

nin2(KiCi + K2C2) + nin3(Kidi + ^2^2) 

+712^3 (2(TiCi(ii + 2(T2C2(i2 + KiCiQ'i + Kl^lPl + ^202^2 + «^2'^2P2) 

+Ai(ni + pin2 + Q'lns) + A2(ni + p2"-2 + Q'2n3) 

+A3(ni + 712 + ns) = A(nf + n2 + n|), UjGZ. (51) 
We find from ([Ml) and (03]) that 

0-1 + <T2 + <73 = (52) 

and 

^1 + /^2 + /^s = K. (53) 



Prove that the support of is a subgroup of X topologically isomorphic to R. It follows from (|35p 
that this statement will be proved if we check that 

4o-A = (54) 

i.e. taking into account (j52p and (j53p . we should prove that 

4(f7i + 0-2 + a3)A = (ki + K2 + K3)^ (55) 

The proof of (j55p is the series of elementary and boring computations. Note that by statement 4) of 
Lemma 2 we have 0261 — 0162 ^ 0. Then it follows from ([S]) and ([7]) that 

b2 - 02 Ol - ^1 fr-a\ 
0"! = r — <T3, (72 = — C73. (56) 

02O1 - ai02 0201 - ai02 

Similarly we find from (|45p and (j46p that 

&2 - 02 ai - 

= 7 r^3, K2 = r — K3- (57) 

a20i - 0162 0201 - 0162 

Each of the numbers pj and qj can take the values ±1. We have here some cases and consider each 
of them separately. 

I. Let pi = P2 = 1- Then (I47p implies that 

Kl + K2 + K3 = -2cTlCl - 2(T2C2 (58) 

Putting in Q ni = —n2 = 1, = 0, we get 

— KiCi — K2C2 = 2A. (59) 

Substituting ([58|) and ([59|) into ([55|) and taking into account (j56p and (j57p . we make sure that we 
obtain an equality. Thus, in case I equality (I54p is proved. 
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II. Let gi = (72 = 1- Then (I48p implies that 

Kl + K,2 + = -2aidl - 2(72^2 (60) 

Putting in Q rii = —n^ = 1,77-2 = 0, we obtain 

— Kidi — K2d2 = 2A. (61) 

Substituting (|6U|) and (|61|) into (|55|) and taking into account (|56p and (|57|) . we make sure that we 
obtain an equahty. Thus, in case II equahty (j54p is proved. 

III. Let either = p2 = 9i = ^72 = — 1 or pi = (71 = — 1 and P2 = (?2 = 1 or pi = qi = 1 and 
P2 = 0.2 = -1- Putting in Q ni = 0, 77-2 = -n^ = 1, we get 

- {2aicidi + 2a2C2d2 + ^icipi + nidipi + K2C2P2 + i^2d2P2) = 2A. (62) 

Note that by statement 3) of Lemma 2 we have ai 7^ 02 and hi ^62- It foUows from (|47p and (I50p that 

^ (1 - 62)^3 - ^1^1(^2 - h) 
2^1(62-61) 

We find from (gH]) and dH]) that 

(1 - 02)^3 - Kigi (02 - ai) 

"1 = } T 

2cJi(a2 — ai) 

Finding A from (I62p and substituting the obtained expression into (I55p . we get that we should check 
the equality 

- 2(2(71 Cidi + 2(J2C2(i2 + i^icipi + nidipi + K2C2P2 + l^2d2P2) 

X ((Ti + 0-2 + (Ts) = (ki + K2 + l^'if- (65) 

Substitute (I56p . (j57p . (|63p . and (j64p into Q. After elementary computations we see that the verification 
of Q is reduced to the verification of the equality 

(0261 - ai62)((l - 62)(1 - a2)(ai - h) + (1 - - ai){h2 - 02)) 

= -(62 - hi){a2 - ai){ai - bi){b2 - 02). (66) 

The correctness of Q follows from statement 1) of Lemma 2. Thus, in case III equality (|54p is proved. 

To consider the remaining cases put in Q ni = 722 = 773 = 1. Taking into account that Xj{—n) = 
Xj{n), G Z, j = 1,2, we get 

KiCi + K2C2 + Kidi + K2d2 + 2aicidi + 2a2C2d2 + kiCiQi 

+Kidipi + K2C2q2 + K2d2P2 + Ai(l) + A2(l) + A3(3) = 3A. (67) 

IV. Let pi = P2 = —1, and qi = —q2- Putting in Q rii = 2,77-2 = ^,^3 = 0, we obtain 

2(KiCi + K2C2) + Ai(l) + A2(l) + A3(3) = 5A. 
It follows from this and from Q that 

KiCi + K2C2 - {2aicidi + 2(T2C2(i2 + ^icigi - ^20291) = 2A. 

V. Let qi= q2 = —1, and pi = —p2- Putting in Q 77-1 = 2,722 = 0,773 = 1, we get 



C2 



(1 - bi)K3 - K2P2{bl - 62) 
2(72 (61 - b2) 



(63) 



(1 - ai)K3 - ^2^2(01 - 02) 
2(j2(ai — 02) 



(64) 
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2(Kidi + K2d2) + Ai(l) + A2(l) + A3(3) = 5A. 
It follows from this and from Q that 

Kidi + K2d2 - {2aicidi + 2a2C2d2 + Ki^iPi - «:2'^2Pi) = 2A. 

VI. Let either pi = q2 = -1, p2 = qi = 1, or pi = q2 = 1, p2 = Q'l = -1- Putting in Q 
ni = 0, 722 = 2, 723 = 1) we find 

2(2(7iCi(ii + 2(7202^2 + /^iCigi + KldlPl + K2C2Q'2 + l^2d2P2) 

+Ai(l) + A2(l) + A3(3) = 5A. 
It follows from this and from Q that 

2aiCidi + 2(J2C2d2 + K1C1P2 + ^idlPl + K2C2P1 + K2d2P2 

-{nidi + ^2^2) - (kiCi + K2C2) = 2A. 

Then in each of these cases we reason as in case III. Thus, we have proved that equality ([5l|) holds. 
So, we have obtained the representation 



z?(s, Ti) = exp{— (crs^ + Ksri + An^)} = exp I —fj + —nj | , s G R, n G Z. 

Set = {y G y : z?(y) = 1}. It is obvious that H = {n(-^,l) : n G Z}. Then G = 
A{X, H) = {(t, e**^) : t G R}. It is clear that G = R. We have a{v) C G. Since zy = zy^ * 2^2 * 1/3 = 
Hi * fii * ^2 * ^2 * fJ'S * fis, it follows from Lemma 3 that the distributions yUj may be replaced by their 
shifts /ij such that 1/ = ^'^ * p,[ * * /i2 * ^3 * /^3' ^- Since z^ is a Gaussian distribution 

and G = R, by the classical Cramer theorem on the decomposition of a Gaussian distribution, we get 
that all fi'j Gaussian distributions, and hence fij are also Gaussian. □ 

5. Comments to Theorem 1 

Remark 1. For n = 2 on the group X = R x T under the conditions of Problem 1 the distributions 
Hj are either Gaussian or convolutions of Gaussian distributions and signed measures supported in Z(2) 
|15) . According to Theorem 1 for n = 3 the distributions are only Gaussian. We see that in contrast 
to the case of the real line R on the group X = R x T the class of distributions which are characterized 
by the independence of n linear statistics of n independent random variables depends on n. 

Remark 2 . As established in the proof of Theorem 1 , if Li , L2, and L3 are of the form Li = ^1 +^2 + 
^3, L2 = ai^i +ct2^2 +?3) -^3 = +/32?2 +^3) and fij are nondegenerate distributions, then supports 
of fij are cosets of the group X with respect the one-parameter subgroup G = {(t, e**2^) : t G R}. 

We will check that the subgroup G is invariant with respect to all topological automorphisms ai, /3i. 

Taking into account ([52]), ([53]), ([56]) and ([57]), we get that G = {{t,e^^i) : t G R}. Verify that the 
subgroup G is invariant with respect to ai. Since 

ai{t,e*^) = [ait,e'^''e'^'^^ = (^ait,e 

it suffices to show that 

^ + ^ = L (68) 
ai«3 «i 
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To check equality (I68p substitute first in (|68p the representation for ci from (I63p . and then substi- 
tute the representation for ai and ki from (j56p and (j57p into the obtained expression. After simple 
transformations we see that (I68p is reduced to equality 1) of Lemma 2. 

Reasoning as above we get that the subgroup G is invariant with respect to Q;2,/3i,/32- Obviously, 
the restriction of any automorphism aj,/3i to the subgroup G is a topological automorphism of G. 

It follows from what has been said that the statement in Theorem 1 that fij are Gaussian distribu- 
tions can be made without the Cramer theorem but directly from the Skitovich-Darmois theorem for 
the real line. 

We note that the property: G is invariant with respect to all topological automorphisms ai,l3i, 
imposes the strong restrictions on ai,f3i. Indeed, let G be an arbitrary subgroup of the group X = 
R X T topologically isomorphic to R. Then G is of the form G = {(t, e"^*) : t G R}, where a; is a 
fixed real number. It is obvious that the subgroup G is invariant with respect to an automorphism 

a = ^ Q ) ^ Aut(X) if and only if c = (a — p)u}. 

Let cj = 0, i.e. G = {{t, 1) : t G R}. Then ci = C2 = di = d2 = 0, i.e. Q;j,/3j are diagonal matrices, 
moreover statements l)-5) of Lemma 2 hold for Oj and 6j. 

Let w 7^ 0. Assume also that no aj,/3i is equal to ±7. It follows from this that in addition to 
statements l)-5) of Lemma 2 the equalities 

Ci Co dT do , , 

(69) 



«i -Pi 0,2- P2 Oi -qi &2 - 92 

also hold. In particular, if at least one of these equalities does not hold, then all fij are degenerate 
distributions. If some of the automorphisms aj,/3j are equal to ±1, then in (|69p the expressions 
corresponding to these automorphisms are omitted. 

Remark 3. Theorem 1 can not strengthened to the statement that are degenerate distributions 
(compare with Lemma 5). Indeed, let G be an arbitrary one-parameter subgroup of the group X = 
R X T of the form G = {{t, e*"^*) : t G R}, where w is a fixed real number. Let Oj, 6j, where i = 1,2, 
be nonzero real numbers such that system of equations ©-([B]) has a solution ai > 0, o"2 > 0, o"3 > 0. 
Consider the automorphisms Oi, f3i G Aut{X) of the form 

f ai {ai-pi)uj\ f a2 (02-^2)^ 

"1 = n h "2 ~ 



pi y ' V P2 

^ I'h {h - qi)uj\ _ ^2 {b2 - q2)^ 



.0 qi J' vo 92 

Let ^j, where j = 1,2,3, be independent Gaussian random variables with values in the group X and 
distributions having the characteristic functions 

/Ii(s,n) = exp{-(Ti(s + wn)^}, /i2(s,n) = exp{-cT2(s + a;n)^}, 

/l3(s, n) = exp{— (73(5 + wn)^}, s G R, n G Z. 

Obviously, the support of any distribution ^ij coincides with the subgroup G. Taking into account ([6])- 
([8]), it is easy to verify directly that the characteristic functions 'jlj{s,n) satisfy equation Q, and hence, 
by Lemma 1 the hnear statistics Li = ^1 + ^2 + ^3, -^^2 = + Q2C2 + ^3, and L3 = /3i^i + /326 + ^3 
are independent. 

Remark 4. On the group X = T for n = 2 under the conditions of Problem 1 the distributions 
/ij are either Gaussian or convolutions of Gaussian distributions and signed measures [TSj . and for 
n = 3 all fij are degenerate distributions by Lemma 5. On the group X = R x T for n = 2 under 
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the conditions of Problem 1 the distributions fij are also either Gaussian or convolutions of Gaussian 
distributions and signed measures |15| . but for n = 3 all are Gaussian distributions by Theorem 
1. So, we could surmise that with increasing n, the class of distributions in Problem 1, which are 
characterized by the independence of n linear statistics of n independent random variables, decreases. 
It turns out that this assumption is not true. 

Indeed, let ^i, ^2, ^,3, ^,4 be independent random variables with values in the group T and distribu- 
tions fij. Consider the linear statistics Li = Ci+6 + ^3+'^4, L2 = ^1+^2-^,3-^, = ^1-^2 + ^3-^4, 
and -Z>4 = '^i — — ^3 + ^4- Take /Ui = /i2 = 7 * tti, /^a = /X4 = 7 * 7r2, where 7 G r(T), and ttj are 
signed measures supported in Z(2) such that tti * tt2 = Ei. It is easy to verify that in this case the 
linear statistics Li, L2, L3, and L4 are independent, but all fij r(T). 

6. Solution of Problem 1 for the group X = x T 

Pass to the solution of Problem 1 in the case n = 3 for the group X = Eq x T. Remind the 
definition of a-adic solenoid S^. 

Let a = (ao,ai, . . . ), where all aj € Z, aj > 1. First we define the group of a-adic integers Aq,. 

00 

As a set coincides with the Cartesian product P {0, 1, . . . , a„ — 1}. Consider x = (xq, xi, X2, • • • ), 

n=0 

y = (2/0 1 yi 1 y2 1 • • • ) ^ > and define the sum z = x + y as follows. Let xq+i/q = toCQ + zq , where zq € 
{0, 1, . . . , oq — 1}, to £ {0, 1}. Assume that the numbers zq,zi, . . . , Zk', tQ,ti, . . . ,tk have been already 
determined. Let us put then x^+i + Vk+i + = ^fc+iOfc+i + -^fc+i, where z^+i G {0, 1, ... , a^+i — 1}, 
tfc+i € {0, 1}. This defines by induction a sequence z = (zq, zi, Z2, ■ ■ ■)■ The set A^ with the addition 
defined above is an Abelian group. The obtained group considering in the product topology is called 
the a-adic integers. Consider the group R x A^. Let B be the subgroup of the group R x A^ of 
the form B = {{n,nu)}^^_^, where u = (1, 0, . . . , 0, . . . ). The factor-group = (R x Aa)/B is 
called the a-adic solenoid. The group is compact, connected and has dimension one [24' (10.12), 
(10.13), (24.28)]. Denote by Q the group of rational numbers considering in the discrete topology. The 
character group of the group is topologically isomorphic to a subgroup Ha C Q of the form 

Ha=l — : n = 0,l,...; mGzl 

[ aoai ...an J 

m (25.3)]. 

Let X = T,a X T. Denote by x = {g,z), where g € S^, and z S T, elements of the group X. If 
X = Tia X T, then Y = Ha x Z. In order to avoid introducing new notation we assume that Y = Ha x Z, 
and denote by y = {r,n), where r G Ha, and n € Z, elements of Y. It is easy to verify that every 

automorphism e E Aut{Ha x Z) is defined by a matrix , where a € Aut(-ffa)) c G Ha,p = ±1, 

and e operates on y = Ha x Z as follows 

e{r,n) = {ar + cTi,pn), r £ Ha, n £ Z. 

Then the adjoint automorphism 6 = e £ Aut(X) is of the form 

^{9, z) = (ag, (g, cjz^), g e^a, z eT. 

Denote by l the natural embedding /, : y 1— > R x Z, L{r,n) = [r,n). Let r = 7 be the adjoint 
homomorphism r : R x T 1— >■ X. Put gt = T{t, 1), gt £ S^. Then T{t, z) = [gt, z). Since, u{Y) = R x Z, 
we conclude that r is a monomorphism |241 (24.41)]. 

Lemma 9 ([15j). Let r he a rational number, r : R x T 1-^ X he the homomorphism defined above. 
Let K = {{t, e'*'') : t G R} 6e the subgroup o/R x T. Then t{K) ^ Sa- 
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Lemma 10. Let X = x T, and Oij G Aut(X), where i,j = 1,2,3. Let ^j, where j = 1,2,3, 
be independent random variables with values in X and distributions fij such that their characteristic 
functions do not vanish. Assume that the linear statistics Li = an^i + 012^2 + ctisCsj -^2 = 02i'^i + 
«22^2 + 023^3; ^^3 = Q^si'^i + 032^2 + ^33^3 are independent. Then the distributions fij may be 
replaced by their shifts n'j such that fi'j are concentrated on the subgroup r(R x T). 

The proof of this lemma can be done in a way as in |15| the corresponding statement was proved 
for two independent random variables ,^1 and ^2 with values in the group X and two linear statistics 
Li = ^1 + ^2 and L2 = + ^^2, where 6 G Aut(X). □ 

Theorem 2. Let X = Sq, x T, and Oij G Aut{X), where i,j = 1,2,3. Let ^j, where j = 1,2,3, 
be independent random variables with values in X and distributions fij such that their characteristic 
functions do not vanish. Assume that the linear statistics Li = an^i + 012^2 + cki3'^3) L2 = 021^,1 + 
0^22^2 + «23^3; o,nd L3 = 031^1 + 0:32^2 + «33'^3 independent. Then all jjLj are either degenerate 
distributions or Gaussian distributions such that their supports are cosets of the group X with respect 
of a subgroup topologically isomorphic to Sq,. 

Proof. Let the homomorphism r be defined as above. Put B = t(R x T). It is easily seen that 
the subgroup B is invariant with respect to any automorphism a G Aut(X). For each automorphism 
a we define the mapping arRxTi— )-RxTby the formula a{t, z) = T~^aT{t, z). It is easily verified 
that a G Aut(R x T), and the same matrix corresponds to a and to a. Taking into account Lemma 
10, we can assume from the beginning that the distributions are concentrated on the subgroup B. 
Note that because r is a continuous and on-to-one mapping, by the Suslin theorem images of Borel 
sets under the mapping r are also Borel sets. 

Let ^ be a random variable with values in the group X and with the distribution concentrated 
on the subgroup B. Put ^ = T'^i. Then i is a random variable with values in the group R x T. 
Consider random variables Since T~^aij^j = 0!ijS,j, the linear statistics Li = aii(,i + ai2'^2 + ^13^3, 
L2 = ci2i?i +022^2 + ^23^3) ^nd L3 = Q!3i^i +Q;32'^2 + ^33^3 are independent. Let Jlj be the distributions 
of the random variables ^j. Since = rCjlj), Theorem 2 follows from Theorem 1 and Lemma 9. □ 
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